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Stability of particle clusters bound by capillary bridges in extensional flow
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Capillary suspensions are commonly encountered in a wide array of applications,
but their stability in flow is not fully understood. Here, we investigate the stability of
a two-particle capillary cluster in extensional flow using a combination of theory and
experiments. A linear stability analysis reveals the existence of a critical capillary number
Cac = (8/45) cos θ that depends only on the contact angle θ . For Ca > Cac, clusters
are unconditionally unstable, regardless of initial conditions. For Ca < Cac, a nonlinear
analysis shows the existence of a Ca-dependent minimum interparticle separation beyond
which breakup occurs. The analytical model further supports the experimentally observed
slowdown in relaxation dynamics. Theoretical predictions are supported by precise flow
experiments using a Stokes trap, where active flow modulation is used to stabilize an
initially unstable cluster in extensional flow. Overall, these results provide a quantitative
understanding of capillary suspension stability in flow.

DOI: 10.1103/g9nd-jlc9

Capillary suspensions consist of solid particles held together by a dispersed fluid phase in a
second continuous, immiscible fluid phase. Liquid bridges between particles give rise to attractive
capillary forces, resulting in percolating networks even at low solid volume fractions [1]. Complex
microstructural interactions in these materials ultimately cause dramatic changes in rheological
properties such as the emergence of yield stress and elasticity [2–4]. Capillary suspensions are
widely encountered in industrial applications, including the formulation of stable food emulsions
[5], lightweight and crack-resistant construction materials [6], macroporous ceramics for filtration
and catalysis [7–9], and printable pastes for electronics and energy devices [10–14]. Despite
recent progress, we lack a fundamental understanding of flow-induced instabilities in capillary
suspensions, especially under extensional deformations [15,16].

A two-particle cluster bound by a liquid bridge is the simplest cohesive unit in a capillary
suspension. The fundamental structure of a particle doublet serves as a building block for more
complex networks and offers a minimal yet insightful system to understand the dynamics in flow
[17]. Prior work has focused on characterizing the equilibrium properties of capillary bridges,
including experimental measurement of static adhesion forces between a sphere and a flat plate [18]
or between two stationary spheres connected by a liquid bridge [19,20]. Capillary bridges between
moving particles were studied using displacement-controlled setups, revealing force-displacement
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profiles and rupture distances [21–23]. A significant body of theoretical and numerical work has
also focused on understanding and predicting capillary bridge shapes and forces in equilibrium or
quasi-static regimes as a function of bridge volume, particle size, and contact angle [24–34].

Capillary suspensions encounter strong flows during processing applications such as printing
or extrusion. Capillary bridges can deform or rupture depending on the flow type, e.g., shear flow
or extensional flow. Simple shear flow can be decomposed into equal contributions of extension
and rotation [35], with the extensional component leading to dominant stretching behavior. In
contrast to droplet systems, where deformable interfaces can merge through film drainage and
coalescence under flow [36], the present study focuses on rigid particles joined by a liquid bridge
of fixed volume, for which coalescence is precluded. These distinctions highlight the different
physical regimes of capillary-mediated interactions explored here versus interfacial coalescence
in deformable droplets. Flow alters particle network morphology, yet the mechanisms controlling
capillary cluster behavior remain unclear.

In this Letter, we study the stability of particle clusters in extensional flow using a combination
of theory and experiments. Our work directly addresses several key scientific questions, including:
is there a critical flow rate above which clusters are unconditionally unstable? Does particle cluster
stability depend on conformation or liquid bridge volume below the critical deformation rate? We
determine a critical deformation rate governing the stability of particle clusters in flow. Our analysis
further reveals the existence of a flow-rate-dependent minimum interparticle separation beyond
which breakup occurs.

Experiments. We experimentally investigated the dynamics of a two-particle cluster held together
by a liquid bridge in extensional flow. Materials were selected using a density-matching condition
(Supplemental Material [37]). We focus on a two-particle cluster that is initially localized near
the center of a cross-slot microfluidic device using a Stokes trap [38–42]. All experiments are
performed in the limit of low particle Reynolds number, Rep = ρcRU/ηc ≈ 10−7, and device
Reynolds number, Red = ρcHU/ηc ≈ 10−6, where R is the particle radius, H is the channel height,
ρc is the suspending fluid density, ηc is the suspending fluid viscosity, and U is a characteristic
velocity. Figure 1(a) shows a schematic of the experimental setup with a four-channel microfluidic
device. A planar extensional flow is imposed at t̃ = 0 s, and the temporal evolution of the minimum
distance D̃s (in micrometers) between the surfaces of the two particles is tracked as a function
of time [Fig. 1(b)]. The dimensionless parameter that quantifies the strength of the imposed flow
field, and thus cluster dynamics, is the capillary number Ca = ε̇Rηc/γ , which measures the ratio of
viscous to surface tension forces due to an externally imposed extensional rate ε̇.

We first consider cluster dynamics for Ca = 0.031. Although the particles are initially at close
proximity, D̃s starts increasing around t̃ � 30 s, ultimately leading to pinch-off of the capillary
bridge and complete particle separation [Fig. 1(c)]. The experiment was then repeated, but under a
relatively weaker imposed extension rate corresponding to Ca = 0.024. In these conditions, we find
that the cluster remains stable for all times examined.

These results show that small differences in the extension rate ε̇ lead to qualitatively distinct
outcomes in transient deformation trajectories of particle clusters. Several key questions naturally
arise associated with the behavior of capillary suspensions in flow: does there exist a critical
capillary number Cac above which the two-particle cluster will break up? Are particle clusters un-
conditionally stable for Ca � Cac, or does cluster stability depend on additional material properties
and/or preparation conditions? To answer these questions, we proceed with an analytical model for
cluster dynamics.

Theory. We use an analytical model describing the evolution of the minimum distance between
the surfaces of the two particles [17]. This model incorporates the effects of capillary forces
from the liquid bridge, lubrication forces at close approach, and hydrodynamic drag due to the
applied extensional flow and long-range hydrodynamic interactions (HI) between the particles.
Notably, the analytical model incorporates the first-order correction to the HI-induced disturbance
velocities, per the method of reflections [43], providing a simplified yet realistic approximation
for flow-induced HI between particles. As a result, the overall force balance for each particle
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FIG. 1. Particle cluster dynamics and stability in extensional flow. (a) Schematic of experimental setup
showing 3D-printed, four-channel microfluidic cross-slot device along with a 10× magnification air-immersion
objective lens. The height and width of the microdevice channels are 1 mm, and the four channels are connected
to fluid reservoirs pressurized by regulators and controlled using a custom labview program [17]. The cross-slot
geometry generates a planar extensional flow, and the open surface of the device is sealed with a glass
coverslip for optical microscopy. (b) Schematic of a two-particle cluster in the microfluidic device trapped
near the stagnation point in planar extensional flow. The shear viscosities of the continuous and meniscus
fluids were ηc = 10 Pa s and ηd = 19 Pa s, respectively, resulting in a viscosity ratio η0 = ηd/ηc = 1.9. The
meniscus fluid is immiscible with the continuous phase fluid and wets the particles with an average contact
angle θ = 55◦ ± 4◦. (c) Transient stretching dynamics showing interparticle separation D̃s as a function of time
for two-particle clusters in planar extensional flow. Two different experiments are shown at different capillary
numbers corresponding to Ca = 0.031 (blue circles) and Ca = 0.024 (orange triangles). Inset: Brightfield
microscopy image of a liquid-bound two-particle cluster in planar extensional flow. Deformation of liquid
bridges in extensional flow leads to interparticle separation and eventual breakup.
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where θ is the wetting fluid-solid contact angle and V is the dimensionless liquid bridge volume.
Here, ζ (Ds) ≡ 6F (Ds)/[DsK2(Ds)] is an effective friction coefficient on the particle doublet as a
result of the lubrication forces [44], with F (Ds) = DsK (Ds) + [K (Ds) − Ds][η0K (Ds) + Ds(1 −
η0)]; K (Ds) = √

V/π + D2
s is a dimensionless function of V and Ds; and η0 = ηd/ηc is the relative

viscosity between the meniscus and continuous phase fluids. As shown in Fig. 1(b), D̃c is the center-
to-center distance and D̃s is the smallest separation between the particle surfaces such that D̃c =
D̃s + 2R, where Dc, Ds, and V are the dimensionless forms of D̃c, D̃s, and Ṽ , respectively. All
quantities in Eq. (1) are expressed in their dimensionless form using R, the particle radius, and τc =
Rηc/γ as the characteristic length and time scales, respectively. Additional details on the derivation
of Eq. (1) are provided in the Supplemental Material [37].
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Before proceeding, we comment on the nature and behavior of the dissipative terms in the
evolution equation. First, we observe that ζ (Ds)−1 ∼ Ds, and as a consequence, ζ (Ds) diverges as
Ds → 0 due to the increasing dynamic pressure in the gap between particles upon close approach.
Additionally, fdrag results from the superposition of the undisturbed velocity and disturbance
velocity fields due to interparticle HI. A key aspect in quantitatively capturing the evolution of
Ds is the competition between fcap and the drag arising from the disturbance velocity fields [17].

Linear stability analysis. To determine the criteria for particle cluster breakup in extensional flow,
we recast Eq. (1a) as dDs/dt = ( fdrag + fcap)/ζ and seek steady solutions by setting dDs/dt = 0,
which are then analyzed with respect to their stability. One can readily show that Ds,r1 = 0 satisfies
Eq. (1a) identically, which physically corresponds to the case where the two particles are in contact.
To explore the stability of the trivial root to infinitesimal perturbations, the ansatz Ds(t ) = Ds,r1 +
δDs(t ) is inserted into Eq. (1a), and the limit δDs(t ) → 0 is considered, resulting in an evolution
equation for the fluctuations:

dδDs

dt
= (45Ca − 8 cos θ )

96η0
δDs. (2)

Equation (2) has solutions of the form δDs(t ) = δD0eσ t , with the growth factor σ = (45Ca −
8 cos θ )/96η0.

The sign of σ determines the stability of the meniscus to infinitesimal perturbations; in particular,
when σ > 0, any perturbations will grow exponentially, whereas for σ < 0, the perturbations will
decay. Thus, the marginal stability curve, i.e., σ = 0, is given by

Cac = 8
45 cos θ, (3)

where Cac is the critical capillary number above which two-particle clusters are unstable under
extensional flow regardless of initial conditions. For the experimental system of Fig. 1, where θ =
55o, we find Cac ≈ 0.1. Comparing this value to the experimental conditions of Fig. 1(c), we find
that Cac is approximately three times larger than the operating conditions of Ca = 0.031 for which
we observe the breakup of the two-particle cluster.

Although it appears that Cac is larger than the Ca for particle breakup based on the experiments in
Fig. 1, this apparent contradiction can be reconciled by considering the possibility that the particles
do not initially start from Ds(t = 0) = 0 when the flow is imposed. In fact, it is unlikely that the
initial distance between the particles would be Ds = 0, as surface-to-surface contact corresponds
to the asymptotic result expected by allowing the two-particle cluster to relax in the presence
of lubrication forces for t → ∞. Based on these arguments, we further examined the nonlinear
behavior of dDs/dt as predicted by Eq. (1) for different initial conditions.

Initial condition-dependent cluster stability. We next examine the possibility of a stability crite-
rion for capillary suspensions that explicitly depends on the initial Ds between the two particles in
the cluster. We consider Eq. (1) and examine the value of dDs/dt |t=0 for different initial conditions
Ds(t = 0). Here, fcap, fdrag, and ζ depend explicitly on Ca, the volume of the liquid bridge V , and
the viscosity ratio η0, for which we use numerical values from the experiments in Fig. 1(c), namely,
V = 0.012, η0 = 1.9, and Ca = 0.031.

Figure 2(a) shows the variation of dDs/dt |t=0 as a function of Ds(t = 0) for three Ca values.
Clearly dDs/dt |t=0 has two roots: one root at Ds,r1 = 0 and a second root Ds,r2 > 0. The case of
the trivial root Ds,r1 = 0 was considered for the linear stability analysis, and we now focus on the
behavior around the second root Ds,r2 . For 0 < Ds < Ds,r2 , we find that dDs/dt < 0. Therefore,
for all initial separations where Ds(0) < Ds,r2 , the interparticle separation distance should relax to
Ds,r1 , and thus the cluster should not break up if Ca < Cac. However, for Ds(0) > Ds,r2 , even though
Ca < Cac, dDs/dt > 0, which leads to eventual cluster breakup. Interestingly, when Ca → Cac, the
two roots merge, i.e., Ds,r2 → Ds,r1 , supporting the claim that Eq. (3) provides the critical Ca above
which two-particle clusters are always unstable.

Figure 2(b) summarizes the particle cluster stability behavior in terms of a phase diagram
expressed as a function of Ca versus Ds(0). The critical line (solid black line) corresponds to the
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FIG. 2. Nonlinear analysis and dynamics for two-particle clusters in extensional flow. (a) Interparticle
separation velocity dDs/dt as a function of interparticle separation Ds for three Ca values and V = 0.012,
revealing two roots of the equation dDs/dt = 0. For the critical value Cac = 0.1, both roots merge at Ds = 0.
(b) Phase diagram for particle cluster stability showing stable and unstable regions by plotting Ca as a function
of initial separation distance Ds(0). The phase diagram shows the critical capillary number line Cac(Ds,r2 )
and dimensionless relaxation times for various Ca values below the critical line, corresponding to particle
cluster relaxation under finite Ca such that Ca < Cac. (c) Transient relaxation trajectories of particle clusters
by plotting interparticle separation D̃s (or Ds) as a function of dimensionless time t during cluster relaxation for
Ca = 0.015. (d) Cluster relaxation times from experiment and theory for various Ca values below the critical
value. Each filled data point represents a two-particle cluster experiment, and the unfilled data points of the
same shape represent the theoretical relaxation times. Different marker shapes show different liquid-bridge
volumes: ©: 1500 µm3, �: 2000 µm3, ♦: 2200 µm3, �: 1300 µm3, ∇: 3000 µm3. The color bar represents the
initial separation distance D̃s(0) of the cluster when it begins to relax; the final separation for all experiments
lies between 2 and 4 µm.

locus of Cac(Ds,r2 ) and shows that Cac decreases with increasing Ds(0). This result can be physically
understood from the perspective that smaller extensional rates are required to separate a cluster
in which the two particles are further apart compared to the case where the particles are closer
together. Additionally, as the critical line approaches the close-contact limit, Cac(Ds,r2 ) → Cac, and
we recover Cac = 8 cos θ/45 ≈ 0.1.

The nonlinear analysis clearly explains how initial conditions affect cluster stability based on
experimental observations shown in Fig. 1(c), where two different particle clusters subjected to
Ca values less than Cac show qualitatively different behavior. Cluster 1 at Ca = 0.031 separates
and eventually breaks up in flow, whereas cluster 2 at Ca = 0.024 remains stable in extensional
flow without breaking up. The nonlinear analysis shows that for cluster 1, Ds(0) > Ds,r2 , even
though Ca < Cac, which leads to breakup. On the other hand, for cluster 2, Ds(0) < Ds,r2 and thus
dDs/dt < 0, which results in a stable particle cluster in extensional flow.

Relaxation timescales and programmable capillary break up. We further studied the relaxation
times τrelax of two-particle clusters located within the stable regime of the flow phase diagram
[Fig. 2(b)]. We define τrelax as the characteristic time required for Ds(τrelax) to reach 10% of its
initial value Ds(0). Figure 2(b) shows τrelax, in a contour plot format, for all stable initial distances
that the particles can have for different values of Ca. For small Ca, τrelax decreases as a result of the
smaller extensional forces counteracting the retraction forces due to the liquid bridge between the
particles. On the other hand, our results show a slowing down in the cluster relaxation dynamics for
Ca → Cac(Ds,r2 ), as τrelax increases to larger values. This behavior can be qualitatively understood
by examining the dynamics near Ds,r1 , described by Eq. (2). In particular, for δDs(τrelax) = 0.1 δD0,
we obtain τrelax ∼ |Ca − Cac|−1, which shows that τrelax → ∞ as Ca → Cac. The predicted behav-
ior indicates that one should expect a critical slowdown as we approach the universally predicted
Cac. Along the same lines, a qualitatively similar behavior is found for the dynamics close to Ds,r2 ,
as supported by the experimental observations and numerical solution of Eq. (1a) shown in Fig. 2(d).

The theoretical predictions of τrelax were validated by conducting two-particle cluster relaxation
experiments at finite Ca values (see Supplemental Material [37]). In capillary suspensions, two
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FIG. 3. Transient stretching, relaxation, and restretching experiments on three different two-particle clus-
ters with different liquid bridge volumes V in extensional flow using a Stokes trap. Particle clusters are first
stretched to a finite interparticle separation distance before breakup and then allowed to relax to the initial
separation at Ca = 0.015. Following relaxation, the capillary number is increased to Ca > Cac, which induces
particle cluster breakup. The inset shows the flow-rate program of Ca as a function of time that is applied
using automated flow control via the Stokes trap. The thin dashed lines in the inset show the critical capillary
numbers Cac(Ds,r2 ) for the particle clusters with the respective bridge volumes V in these experiments.

closely spaced and approaching particles tend to relax to a steady state with a small but finite inter-
particle separation due to surface roughness or excluded volume effects [45–48]. This phenomenon
is accounted for by including a repulsive force of the Weeks-Chandler-Andersen-type (WCA) (see
Supplemental Material [37]) [17].

Results from cluster relaxation experiments and the analytical model are shown in Fig. 2(c),
which plots the relaxation of D̃s (or Ds) as a function of dimensionless time t under an imposed
extensional flow at Ca = 0.015. This experiment was repeated for different Ca values and initial
conditions. Figure 2(d) shows the dimensionless relaxation times τrelax as a function of Ca for a
series of particle cluster relaxation experiments in weak flow (Ca < Cac(Ds,r2 )). Predictions from
the models of Eq. (1) are also shown in Fig. 2(d). Overall, good agreement is observed between
experiments and theory for cluster relaxation times under finite Ca. We note that including the
WCA force in the model does not alter the stability results because at critical distances for cluster
breakup, the particles are generally far apart and the interparticle repulsive forces are negligible.

We next performed a series of experiments to demonstrate the predictive power of the theory
related to Cac(Ds,r2 ) (Fig. 3). As shown in the inset of Fig. 3, a two-particle doublet is deformed to
an arbitrary interparticle separation, followed by rapidly reducing the Ca to a value Ca < Cac(Ds,r2 ).
The cluster is then allowed to relax to the same initial separation D̃s(0). Following cluster relaxation,
the Ca value is increased to a value slightly above Cac ≈ 0.1. In all cases, regardless of initial
conditions or bridge volume, cluster breakup is observed in the third phase of the experiment. These
observations confirm the theoretical predictions regarding Cac for the close contact or near-zero
separation state. These results also demonstrate the ability to manipulate cluster stability on the fly,
enabling active control of capillary clusters.

In this Letter, we determined a critical capillary number Cac for cluster breakup describing
the limit of stability in the close-contact regime that depends only on the contact angle θ . For

L032301-6



STABILITY OF PARTICLE CLUSTERS BOUND BY …

Ca < Cac, a nonlinear analysis reveals the existence of a Ca-dependent minimum interparticle
separation beyond which breakup occurs, consistent with experimental observations. Our results
demonstrate the predictive power of the theory and establish an approach for actively controlling
capillary cluster stability using flow, with implications for the design and processing of capillary
suspensions in materials applications.
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